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Decentralized Adaptive Robust Control and Its Applications

to an Uncertain Flexible Beam

Y. H. Chen
Georgia Institute of Technology, Atlanta, Georgia 30332
and
E. D. Piontek
Naval Air Test Center, Patuxent River, Maryland 20670

We consider a class of nonlinear uncertain interconnected systems with time-varying uncertainty. The uncer-
tainty may arise within each system as well as in the interconnections. The uncertainty is assumed to be bounded
but the bound is unknown. No a priori statistical information is imposed. Decentralized adaptive robust control
is proposed for each system. The control has two parts. First, an adaptive scheme for the estimation of the bound
is constructed. Second, a robust control, which is based on the adaptive parameter, is adopted for each system.
The control is then applied to an uncertain flexible beam.

1. Introduction

CLASS of decentralized adaptive robust control has been

first designed for uncertain large-scale dynamic systems
consisting of interconnected subsystems. The uncertainty un-
der consideration is due to internal parameter variation, exter-
nal excitation, unknown nonlinearity, and unknown intercon-
nection. The uncertainty is nonlinear and time varying. The
distinct feature of the control is that it does not require any
statistical information of the uncertainty. Instead, only infor-
mation related to the bound of the uncertainty is utilized.
However, this does not imply that the possible bound of the
uncertainty needs to be determined a priori. The control design
is divided into two parts. First, a decentralized adaptive
scheme for on-line estimation of the bound is constructed.
Second, robust control that is based on this estimation is used.
The resulting overall system performance is described deter-
ministically. This implies that what is prescribed is guaranteed.
An early work along this line is Ref. 1. The specific advantages

of the current design are twofold. First, comparing with
Ref. 1, the control effort is significantly reduced. This is be-
cause the bound is to be determined a priori in Ref. 1 and,
therefore, overconservative estimation becomes inevitable. Be-
sides, this also decreases the required information about the
uncertainty for the control design. In practical applications,
estimating the bound of the uncertainty has to do with study-
ing the physical causes of the uncertainty. Second, the control
is now applicable to a class of uncertain flexible structures.
The previous work! is not applicable due to the need of exces-
sively large control effort.

Subduing large flexible system response by active control
has been an important control problem in the recent past.?
There has been a significant amount of research in this
area.>"!> We propose to use the decentralized adaptive robust
control for this problem. The emphasis is on appropriate ac-
tive control design that can compensate the modeling uncer-
tainty. Specifically, this refers to the flexible structure that
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contains unknown deviation in its mass and stiffness distribu-
tions and possesses terms that represent disturbance action.
The known structure could degenerate into an uncertain struc-
ture due to, for example, changes in the environment or inac-
curacies in the contruction that will then alter the system’s
mass and stiffness distributions. In addition, unpredicted dis-
turbance forces could act on the structure.

To monitor the performance of a flexible structure with this
decentralized adaptive robust control, computer simulations
were performed. A postulated tapered cantilever beam was
used to design a control for an actual tapered cantilever beam
with uncertain mass and stiffness variations, as well as distur-
bance force action. The actual structure is truncated to include
the first seven modes, and an adaptive robust modal control is
designed for each mode.

II. Decentralized Adaptive Robust Control Design

We first propose a class of decentralized adaptive robust
controls for interconnected uncertain systems. The purpose of
this section is first to consider a general situation of uncertain
systems.

Consider the following class of interconnected uncertain
systems:

i xi(1) = Axi(2) + Afi (xi(1),2)

+ {B,-+AB,» (xi(t),t)}u,-(t) + T gy (x(0,0) )
J=1j#i
xi(to) = Xio

where i=1,2,...,N. Here, t € R, x;(¢) € R" is the state, and
u;(t) e R™i is the control. Matrices (vectors) 4;, Afi(x;,1),
B;, AB;(x;,t), and g;;(x;,t) are of appropriate dimensions.
The unknown nonlinear functions Af;(:): R" XR—R",
AB;(\):R"XR—R">*", g,:(-): R xR—R" are continu-
ous. These represent parameter variation, unknown nonlinear-
ity, and external excitation. Note that the input of S;, namely,
u;, does not explicitly enter S;. Rather, it dictates the state x;,
which then affects x;. This stands for the situation that the
system can be governed in a decentralized manner.!6
The problem is to design the control for each system S; such
that the overall large-scale system possesses certain desirable
properties. However, the control should not be based on any
stochastic property of the uncertainty Af;, AB;, and g;;.
The following assumptions for S; are imposed.
Assumption 1: The pair (A4;,B;) can be stabilized.
Assumption 2: There exist an (unknown) constant §; > — 1
and (unknown) functions A;(-) and E;(-) such that for all
(x;,t) €R" XR,

Afi(x;t) = Bihi(x;,1) @
AB(x;,1) = B,Ei(x;,1) 3)
min Yo\, [Ei(x;,0)+ET (x;,0)] 2 0; @

Here, A,,(-) is the minimum eigenvalue of the designated ma-
trix. Similarly, we shall use A\y/(-) to denote the maximum
eigenvalue of the designated matrix. Implicitly assumed is that
all eigenvalues are real.

Remark 1: Assumption 1 implies that there exists a matrix
K, such that A;is Hurwitz where 4; = A; + B,;K;. Assumption
2 imposes structural restriction on the uncertain portion. This
is essential since no other assumption on the realization of the
uncertain portion is imposed. Equations (2) and (3) are usually
referred to as the matching conditions. The vector Af;(x;,?)
and the matrix AB;(x;,7) should lie within the range space of
the nominal input matrix B;. Inequality (4) implies that the
uncertain input matrix AB; should not be too large in the
opposite direction of the one that is specified by the nominal
input matrix B;. This assures that any proposed control action

can act in the desired direction. However, the control magni-
tude in this direction is unknown. Studies of the relaxations of
this assumption can be found in, e.g., Ref. 17. A measure of
mismatch is proposed to indicate the allowable deviation from
this assumption. The control proposed in this paper is applica-
ble to the mismatched system. However, the proof is restricted
to this assumption for brevity.

Assumption 3: 1) There exist an unknown constant vec-
tor 3; € (0,)% and a known function p;(-): R" X (0,0)%
X R —R, such that for all (x;,/) € R" XR,

A+0)"Hhi(x;, )+ Ei(x;, DK ;x| =< pi(x,8:,1) %)

2) The function p;(x;, -,) : (0,%)—=R_ is C! and concave;
hence, for any 8,,,8:; € (0,0)%,

dp]
pi(xi,Bi,t) — pi(xi,Bi,0) = % (xi,Bi2,)Bii—Bi2) (6

Throughout, we shall use the Euclidean vector norm. The
matrix norm is then the corresponding induced one. Hence,
for a given matrix T, [|T]|%= Ny (Y7T).

Remark 2: The unknown parameter 8;in p; is related to the
bound of uncertainty. This is, however, interpreted in a less
rigorous way. Notice that the dimension of 3; (i.e., s;) can be
different from that of the uncertain portion Af;, etc. More-
over, the verification of this assumption does not require the
knowledge of the true value of §;. Since the function p;(-),
which satisfies Eqs. (5) and (6), is nonunique, it is then the
designer’s discretion for a simplified version of p;(-). For ex-
ample, if || A;(x;,8)]| =8yl|xi] + B2 and ||Ei(x;,2)|| =83, then
one may choose

pi(x:,8i,0)=(1+0,)" (B + B3| Kill) x| + (1 +6;) 782
Biz[Bli BZi 631’]7
This results in 5; =3. A simpler choice can be
0iE,B:,8) =Bl xi|l + B2

where 8; = [B1; B2:]17. This results in s; = 2. This choice is also
advantageous for the simplification of the adaptive scheme
design [shown in Eq. (8)].

Assumption 4: There exist non-negative constants a;; and
b;; such that for all (x;,#) e R XR,

(A+0)7"llgy O Ol <ay|lx;|| + by ™

This assumption implies that the (unknown) interconnec-
tions are cone bounded. Thus, the bound is linear. However,
it is not necessary for g;;(x;,¢) to be linear.

Since the constant vector 3; is unknown, it is then desirable
to construct an adaptive scheme. Consider the decentralized
adaptive scheme

. a ~ ~
Bi(H)=Lx “ ai(xi(t))H 5, ol (xi(t),ﬁi(t),t) —LpBi(t) (8)

where o;(x;)=BIPix;, P; is the solution of the Lyapunov
equation ATP,+P,A;+Q;=0, Q;>0, and L;, and L are
s; X 8; positive definite matrices.

It is worth noting that the adaptive scheme (8) is of a leakage
type. This is shown by the second term, which indicates the
amount of leakage. The first term is positive and reflects the
need of higher bound if the state x; is far away from the origin.
The matrix L;, is the learning rate. Further discussion is de-
ferred to Remark 4.

For given ¢; >0, i=1,2,...,N, the decentralized adaptive
robust control scheme is now proposed:

ui()=K;x;(1)+pi(xi(2),B:(2),1) ©
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where
A pi(xi,Bi,t) v A
pi(xi,B:,1) e B0 pi(xi,B:,1)
if [|pi(x;,B:,0)] >e; (10a)
pi(x;,Bit)=— #’(X—“B”t—) pi(x;,Bi,1)
if [[pi(xi,B:,0)] e (10b)
i, Bi ) =o;(x)pi(x:,Bi 1) 11

We summarize the design steps for the decentralized adaptive
robust controls as follows.

Step 1: Based on the uncertain systems (1), select the gain
matrix K; such that the matrix A; =A4; + B;K; is Hurwitz.

Step 2: Solve the Lyapunov equation for each i and then
obtain «;.

Step 3: Obtain the function p;(x;,8;,?) that meets Egs. (5)
and (6).

Step 4: Choose L;; >0 and L;;>0. Construct the adaptive
scheme (8).

Step 5: Choose ¢ >0. Construct the robust control (9) with
Hi=CQipi.

Next we discuss the resulting (controlled) system perfor-
mance. Let

x=[xlx], . xF]7 12)
B=[Bl.B3,....BN]T a3)
B=[B7.65,....85]" (4
x(2o) = Xo = [x{psxJ, -, xF0] T (15)

B(’O):BOZ [Blro,ﬂgo,--.,ﬁﬁo]r (16)
and, hence, x € R", n =ZN n;,B ¢ RS, 3 ¢ RS, and s =L |s;.
Consider also the following test matrix

T = [lij]NxN an

[, i=j 8
Y —2(1+ 0N (Pay;, i #j

Theorem 1: Consider the interconnected systems S;, i =1,
2,...,N, shown in Eq. (1). Suppose that Assumptions 1-4 are
met. Suppose that the decentralized adaptive scheme (8) and
the robust control (9) are adopted for each system S;. Then the
following properties hold, provided the successive principal
minors of the test matrix 7 are all positive.

1) Existence of solutions. Given (xg,B,1) € R" % (0,0)*
X R, the closed-loop system

where

K0 = Axit) + Afi (xi(0),2) + {Bi+ AB; (xi(0,1)}
N
x [Kixi(D) +pi (xi(0),Bi(0,0)] + L gy (x(0.1)  (19)
-

» a - "
Bi(1) = Li||ei[x:(0)]|] %, pl (xi(1),B:(1),1) — LinBi(1) (20)

where i=1,2,...,N possesses a solution [x(),B()] : [to,2)
—-R"X(O,OO)S, [x(tO)’B(tO)]:(XO7BO)'

2) Uniform boundedness. For each r;,r,>0, there exist
d(ry,r)=0, dy(r;,r))z0 such that for every solution
[x(-).8()) = [20,11)—R" X (0,00),

Ixoll =71, [|Bo=Bll = ra= x|l <di(ri,ra),
1B(1) =Bl < da(ri,r2) 2

for all ¢ € [79,21).

3) Extension of solution. Every solution [x(-),B5(-)]:
[to,t1)—R"x (0,)* of Egs. (19) and (20) can be extended over
[t09°°)'

4) Uniform ultimate boundedness. There exists a con-
stant d >0 such that the following is true: Given any d>d and
any r € (0,0), there is a T(d,r) € [0,%) such that for every
[x(-),B()] : [t9,0) = R" X (0,00)°,

Eol =r=]|8(0)]| =d forall ¢=t,+ T(d,r) 22)
where £ =[xT,3T— 8717, £o=1[x4,B5—B71T.

5) Uniform stability. Given any d>d, there exists a
8(d)>0 such that for every [x(-),8(-)]: [£0,90)— R" X (0,)¢,

l&ofl =8(D= (1) =d  forall t=¢, @3)

Proof: Property 1 is readily shown by the assumed prop-
erties of the right-hand side of Egs. (19) and (20).'® Let the
Lyapunov function candidate ¥ (x,3— ) be given by

N N
V(x,B~B) = ;leu(xi) + __z:l'YiViz(Bi"Bi) (24)
Vix;) = XiTPixi, ViZ(Bi -8
=(1+6)Bi—BIL;'B:i—B) (25)

where ;s are chosen in such a way that for
o4 diag{vyi,v2,---»¥n}, 28 4 QT+ T7Q is positive definite.
This is always possible provided the successive principal mi-
nors of T are all positive.!%2¢

Upon using Assumptions 1 and 2, Eq. (19) can be rewritten
as

ki =Aix; +B;[[;+E;1p; + Bie; + L g (26)
J
where

e; & h; + E;K;x; @7n
Throughout the proof, arguments are sometimes omitted for
brevity when no confusions are likely to arise. Hence, almost

everywhere on [#¢,?,),

Vi [xi(0)] = 2x] Pix;

=x/(ATP;+ P,A))x; + 2x[P;B;(I; + E)) p;
+2xTP.Be; +2xTP. Y g (28)
i

By using the Lyapunov equation and the Rayleigh’s princi-
ple,2‘

x[(ATP + PiA)x; = —x[Qixi = = Nu(Q)Ixi]12 (29)
In the control portion, if || u;|| >¢;
x/PBi(I; +E})p; = x[ PBi(I, +Ei)<— ﬁ Pi>
Bi
< (—plpdlind ™

— Vaul (Ei+ ED il pil !

1A

=l all =" = 0l i

— (140wl (0
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If il =ei,

i
x/PB.(Ii+E)p; = x[PiB;(I; +Ei)<— :I Pi)

1

< (—plw)ei ! = Vap] (Ei + EDpiei!

< —llwill2ei '~ 0l 2!
= —(1+0)] uill 2¢;”! 31
By Assumption 3,
lled| = i + EK x|l < (1+6,)p:(x;,8:,1) (32)

The interconnected portion is bounded by, using Assumption
4’

x,.TP,-jg:lg,-j(xj = +01)>\1\4(Pi)Hxing:l (ayllxjll +b;) (33)
Combining Egs. (29), (30), (32), and (33), as ||l > €,
Vi< = Na(Q)Ixil]2
= 200+0)|| B/ Pix/|| [pi(xi,Bi, 1) = pi(xi, 8:,1)]
+ 201+ 0N (PIIXil| X (aisllx ]| + by (34)
Similarly, as || p]] <e;, ’
Vie = = NuQ)Ixill 2 + €
= 2(1+6) B/ Pixi|| [0:(x;,Bis 1) = pi(x;, B4, 1))
+ 2(1+ 0N (P) | x4 g: (ayllxjlf + byj) 3%

Now consider the time derivative of ¥V}, along the solution.
Adopting Eq. (8), it follows that

Vio = 2014 0.)(B: — B)Liy ' Bi
- i} A
=2(1+6.)(B; — BT BIPux,| EB— ol (x:,B;,10)
- 214 0,)(B; —B:)L; LB,
- /] A
=2(1+6,XB: - BT BIP:x;| % pl(x:,Bi,1)
—2(1+6.)(B: =B)TL; 'Lin(B; — B:)
=214 0)(B; —B)TL;i LinB; (36)
Combining Eqgs. (34-36) yields
N
V= ; [ —Yirm (@D X:] 2 +viei — 27 (1 + 6] o

dp]
4B;
dp;
48;

= 271+ 0N A (L7 L) Bi = B 2

(x1,B:,0)(B:i = B:) + 2v:(1+8)| il (Bi—B)T

(x1,Bi,1) + 2y, (1 + 0N ar(P) |1 x| > (aij”xj” +byj)
7

+ 29 8:(1+ 0 a (L7 L )|l B —51’”:|
N
= ; [ —¥iMm (Q))I[x: ]2+ vies + 27 (1 + 0N (P)
X Ilxil, /E (a,-,-|ixj|| +bij)
= 2%i(1+ 0N (L7 L) Bi — Bl 2

+2v:8:(1 +0i))\M(LiTlLi2)HBi*Bi“} 37N

where 3;=|| 8il|- A further analysis shows

_; [ = ¥ilNm @DIxill 2+ 271+ 0N (Pl x| Xay; ijll]

Y = vihm (@il 2+ X 271 + 8N ar (Pl xil] (1]
i

i

= —WkTQT +T7Q)«
= — kTS« (38)

where k=[||x|| |x2] ... |x~l|]7 and, hence, ||«||2=X;|x;|?
={|x[| 2. This result enables us to show the following:

N
V=< —kTSk + E |:'y,‘6,'+2’y,‘(1+0,‘))\M(P,')HX,'” Ebij
i=1 J
= 2vi(1+ 0N (L L)l B — B4))2

+ 2781+ 0N (L7 ' L) || B _Bi”]

= =Nl + ZI: {%6#2%(1 + 0N (P || ;bij
= 2vi(1+ 0N (L7 'L B — Bil|?
+2v:8:(1 +0i))\M(LiTlLi2)”6i—Bil[l (39
Recalling that || k]| 2= E;]lx/||%, we have
—)\m(S)“KHz:; =N ()i ? (40)

Moreover, recall that £=[x737—87]7 and, hence, | £|?

=[x 2+ 11B-B)I% llxl <] £], and | 3Bl =</ £,
L [~ An )il =221+ 00N (L L) B~ 6112
< —alg]? @1

and

z [ZVi(l +ON(P)||xill Wby +2v:B:(1+6,)
J

1

(L L)l Bi —5:‘[‘] = ol & 42)

i
- 2
0y = Eoli
7

o1 = min{A,(S), 2vi(1+0)\n(L;1' L)}

where

0, =2N" max {02:}
02; = max {27:'(1 +0)A(PYL b, 2(1+6,)Byi )\M(LiTlLiZ)}
J

Using Eqs. (37-42) for Eq. (37) yields

Ve —o|| €2+ ol €]l + Xvies (43)
almost everywhere on [Z,7;). We conclude that
V<0 44)

for all £ such that

all€ll? — o2l €]l — 035>0 (45)
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or

2 %3
HEr (—"-2—> + 2\ g (46)
201 20'1 o1

where o3 =1L, v;¢,;. This implies that | £|| should be sufficiently
large to assure V< 0. Note again that both ¢, and o, are related
to the possible bounds. That o,; being positive is assured if all
of the principal minors of the test matrix 7 are positive. Prop-
erties 2-5 then follow.?%% n

Remark 3: Notice the difference between properties 1-5
and Ref. 22, which requires that properties 4 and S hold for an
arbitrary d >0. In the current case, the value of d is lower
bounded by d, where ‘

. a3
d, = lim d=-

- e—0viT 0y

Remark 4: The adaptive scheme (8) belongs to the so-called
leakage type.2* The second term on the right-hand side deter-
mines the amount of leakage. If the system performance is
satisfactory (hence, the first term on the right-hand side may
be small) and the estimated bound is large (hence, the second
term is large), then it is possible that j3; is negative and the
adaptive parameter j3; decreases. This self-adjustment mecha-
nism prevents the estimated uncertainty, which is bound to be
unnecessarily large. This prevents the control magnitude from
becoming too large.

Remark 5: The decentralized adaptive robust control (9)
can be viewed as an extension of the decentralized robust
control developed earlier,"?* where the possible bound of the
uncertainty must be determined a priori. In the present setup,
the bound does not need to be determined and an on-line
adaptive scheme is proposed. A practical advantage of this is
that less control effort is required. If the bound is to be deter-
mined a priori, then one may sometimes be forced to choose a
conservative estimation due to the lack of knowledge of the
uncertainty. This then results in excessive control action. The
present new design is mainly proposed to overcome this diffi-
culty. We also recall that the first work on adaptive robust
control was in Ref. 25, where a centralized control system was
considered. However, the current adaptive scheme introduces
the additional leakage term.

III. Uncertain Flexible Structure Model

The following strategy will be used to obtain the system
model. First, the actual flexible structure is proposed. Second,
the postulated flexible structure is proposed. Third, the postu-
lated flexible structure will be reduced to state-space form via
the modal analysis method. Fourth, the actual model will be
reduced to state-space form. Finally the uncertainties will be
extracted form the actual model.

The actual flexible structure, which must be satisfied at
every point p of a given domain D, is given by’

a2 s
L*[utp.0] + 70y 2D 1,10

q
+ ;dci(r)ﬁ(p -pi)=f(p,0) (47)

where u(p,t) is the displacement of any point p at time f;
L*{-], which contains uncertian stiffness distribution informa-
tion, is a positive definite spatial differential operator of order
20; M*(p) is the uncertain spatial distributed mass operator;
ds(p,t) is the distributed disturbance; d,;(¢) is the uncertain
amplitude of the concentrated disturbance acting at p =p;;
and f(p,t) is the distributed control function.

At every point p; of the boundary S of domain D, the
displacement u(p,t) must satisfy the following conditions:

B [u(pi,0)] =0, i=12,...0 (48)

where B, [-] is a linear partial differential operator with
derivatives that are normal and tangential to the boundary and
whose order ranges from zero to 20 — 1.

We now propose a postulated flexible structure from our
perception of the actual flexible structure. The postulated flex-
ible structure, which must be satisfied at every point p in
domain D, is given as

u(p,t)

Lu(p,0} + M(p) =5 = f(p,1) (49)

where L[-] is the self-adjoint positive definite spatial partial
differential operator of order 20 containing the known stiff-
ness distribution information, and M(p) is the self-adjoint
positive definite spatial operator consisting of the known dis-
tributed mass function.
The eigenvalue problem associated with Eq. (49) is

Ligil =AM, i=12,.. (50)
where ¢, is the eigenfunction associated with the ith mode, and
\; is the eigenvalue associated with the ith mode. Assuming
that the eigenvalues are distinct, the solution of Eq. (50) will
yield an orthogonal eigenfunction that can be normalized by

S M(b,(;bdi = 6,‘1' (51)
D

j ;L [6;1dD = \;6;; (52)
D

where 8;; is the Kronecker delta. The expansion theorem can be
employed with

u(p,t) = gdn(p)m(t) (53)

where ,(#) are the ith mode time-dependent generalized coor-
dinates, known as the modal amplitude. The postulated flex-
ible structure can now be transformed into an infinite set of
uncoupled ordinary differential equations segregated by
mode:

2:(8) + (DN = ¥, (1),

where ¥;(¢) is the generalized control force associated with the
ith mode, which is given by

i=12,... (54)

V(1) = g $i(p)f(p,t)dD (55)
D

We now convert Eq. (55) into the state-space form:

Xi(t) = A;x;(2) + B;¥;(1), i=12,... (56)
by introducing the modal state vector x;(¢)= {»;(¢), 7.(D)}7,
where v;(t) =%,(t), the system matrix

A‘[O N 57
=11 o 67

and the input matrix B; = {1 0}7.

To reduce the actual flexible structure to modal space form,
we use the postulated system’s eigenfunctions because they are
the design perception of the system. Following the same proce-
dure as for the postulated system yields

M*3i(1) + K*n(t) + (1) = ¥(1) (58)

where the elements of the infinite-dimensional square matrices
M* and K* can be represented by

MY =\ M*(p)pi¢;dD (59)

JD
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K= j &:L*[¢;1dD (60)
D

Moreover, the infinite-dimensional modal displacement vec-
tor is 7(¢) = {9:(£),92(¢), ... }7, the infinite-dimensional modal
vector is W(#)={¥(#),¥(¢),...}7, and the disturbance is
consolidated into

vi(t) = g $:i(p)da(p,1)dD + Z:l¢i(pi)dci(t) (61)
D i=

and the infinite-dimensional disturbance vector is ¥(¢)
= {Y1(£),¥2(8), ... }T. To show the difference between the pos-
tulated and actual flexible structure, consider the following
matrix decomposition

M*V =1+ AM (62)
K*=A+ AK (63)

where I is an infinite-dimensional identity matrix,
A=diag[\;,N\2,...]1, and AM and AK are real infinite-dimen-
sional square matrices that implicitly relate the difference be-
tween the actual and postulated systems’ mass and stiffness
distributions, respectively. Substituting Eqgs. (62) and (63) into
Eq. (58) yields

= —An+ACy+ T +AM)Y - (I +AM)Y (64)
where AC is an infinite-dimensional square matrix defined by
AC = —[AMA+AK(I+AM)| (65)

System (64) can also be converted to the following form:
[»(r)} _ <0 —A>[V([)] . [Acn(t)]
7(¢) I 0 /[#() 0
Ao [ ()5 o o
0 0 0 0
We propose the following modal coordinate transformation:
(o7, 07} = Ti{wim,v2.m2,-- 37 = T {x )7 67)

where 77 is an infinite-dimensional square orthogonal linear
transformation matrix and x is the infinite-dimensional state
vector

x={vi,m,v2,02,... 37 = {xIxf,. 37 (68)

The following modal state-space model of the actual flexible
structure can be obtained:

X0 = Ax() + Af (x(0),1) + {B+ AB (x(1), )} w(r)
+ G (x(1),2) (69)

where A is the infinite-dimensional state coefficient matrix:

ey el (202 oo

Af(x(t),t)is the infinite-dimensional uncoupled modal uncer-
tainty vector:

Af

1l

TT[diag(AC)n — diag(I + AM)¢]

! 0

rAcn‘fll —(l+AM )W,
0

ACxum:— (1 + AMyp)Y,

= 0 71

B is the infinite-dimensional control coefficient uncertainty
matrix:

B =diag({1,0}7, {1,0}7,...) (72)
AB is the infinite-dimensional uncertain control matrix:
AB = diag ({AM;1, 0}7, (AM, 0}7,...) (73)

and G [x(#),t s the infinite-dimensional tied (coupled) modal
uncertainty vector:

G = T/ [ACy+AM(¥ — )] 79

We also note that AC;; =0 and AM;; =0. G can also be repre-
sented by

G (x(1),1) = (G, 0, G, 0,...}T (s)
where
Gi= 12 ACin; + AM; (Y~ ) (76)
J=1,j#i

The reason for converting into the state-space form (69) is for
control purpose. It is clear, upon viewing the structures of the
uncertain portions, as depicted in Eqgs. (71), (73) and (76), that
Assumptions 1 and 2 are both met. Equation (69) can also be
viewed as a class of interconnected subsystems segregated and
identifiable by modes. Each mode subsystem is represented by

k(1) = Aixi(t) + Af: (xi(0),1) + (B; + AB)V:(1)
+ 1): i (x;(0),1) (77

J=1,j#i

i=1,2,..., where the uncoupled uncertainty matrix of dimen-
sion 2x 1 is
Afi(xi0),0) = [[ACm = +AMw], 0}T  (78)
the uncertain control matrix of dimension 2Xx 1 is
AB; = [AM;;, 037 79

and the jth mode coupled (i.e., jth coupled to ith mode)
uncertainty matrix of dimension 2x1 is

g,-j(xj(t),t) = {[Acijﬂj+AMij(‘I/j—¢j)],O}T (80)

Note that the difference between the ith mode state equations
(56) and (77) is clearly defined in Egs. (78-80); hence, when
&ij» AB;, and Af; are zero, Eq. (77) reduces to Eq. (56).

IV. Flexible Structure with Decentralized
Adaptive Robust Control

Because of modal analysis, the ith modal state can be ex-
tracted from sensor data by modal filters:

(1) = g M(p)oi(p)u(p,t)dD (81)
JD

n

vi(t) =

M(p)eoi(p)u(p,t)dD (82)
JD
Notice that the modal filters are based on the postulated sys-
tem’s orthonormal eigenfunctions. The actual control force is
also synthesized from the postulated system’s orthonormal
eigenfunctions by

Sp,t)y= _;M(p)tbf(p)‘l’f(t)dD (83)
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CHEN AND PIONTEK: ADAPTIVE ROBUST CONTROL

Table 1 Gain matrix elements

Mode { Kn Kz
1 -7 -12.23
2 -7 —11.44
3 -1 - 6.58
4 -7 ~1.00
5 -1 -~ 1.00
6 -7 —~1.00
7 -7 -1.00

Table 2 Adaptive scheme
design parameters

Mode i Li Li2
1 2.01 0.11>
2 2.012 0.11;
3 7.0 0.491;
4 7.0 0.71>
5 7.0I 0.491,
6 7.01, 0.71>
7 7.017 0.71>

Next, consider the problems involved when a finite number of
system’s modes are controlled. In practice, only a limited num-
ber of modes can be retained for control (9). Hence, the modal
state model is truncated to include only a finite number of
lower modes, a process referred to as discretization. Participa-
tion of the higher modes in the overall system response u(p,t)
tends to be less significant due to their decreased amplitudes?;
therefore, the number of modes for control implementation is
determined by performance desire. A discussion on the general
issues related to discrete mode control implementation and
control spillover can be found in Refs. 7-9 and 26. Simulation
study shows that the current control scheme is robust to
spillover effects. Control (9) and the decentralized leakage-
type adaptive algorithm will be used to subdue the response of
a tapered cantilever beam that is governed by

82 azu(p 1)} 2u(p,t)

P TMHNp) L =0 (89)

EI*
[ () PYe
with the following properties:

Mass distribution:

M*(p)=1.1-0.05p (85)
Stiffness distribution:
El*(p)=12-0.07p (86)

and a time-varying random disturbance between —1 and 1.
The modal state was truncated to include the first seven
vibratory modes. All seven of the vibratory modes were con-
trolled. A tapered cantilever beam was chosen as a postulate
flexible structure whose parameters are
Mass distribution:

M(p)=1-0.04p (87)
Stiffness distribution:
EI(p)=1-0.04p (88)

The Rayleigh-Ritz method was used to approximate the postu-
lated system’s eigensolution from the closed-form eigensolu-
tion for a uniform cantilever beam.?’ The adaptive robust
control was designed on the basis of the postulated flexible
beam. The postulated eigenvalues were used to obtain the
feedback gains given in Tables 1 and 2. A 2 x 2 identity matrix
was chosen as Q; for the Lyapunov equation, and then the
values of P; were computed.
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In the simulations, three parameters are manipulated to
alter the system performance. These are L;, L;;, and ;.
Different combinations of the parameters result in a trade-
off between overshoot, settling time, and control effort. The
results by using one set of parameters for the seven modes
of the preceding flexible beam are presented here. The value of
e; was chosen to be 0.001 for all seven modes. The constant
gain matrix K; =[K;; K;;] and the adaptive scheme design
parameters L; and L;, used for this set are given in Tables 1
and 2. Note that, in this flexible beam, it can be shown that
pi=Bi+Balxill and, hence, s;=2, i=1,2,...,7. Assump-
tions 3 and 4 are met. Figures 1 and 2 depict the performance
of modes 2 and 7 without using any control. In each figure,
modal displacement, modal velocity, and external disturbance
are plotted vs time. Figures 3 and 4 are the corresponding
mode performance as the adaptive robust control is applied. In
each figure, modal displacement and velocity are plotted vs
time. Significant improvement of performance is observed.

VY. Conclusions

From an application point of view, the decentralized adap-
tive robust control possesses two distinct advantages. First,
one does not need to study in detail all of the physical prop-
erties of the uncertainties and the system operation conditions
in order to obtain the bound of uncertainty. The on-line adap-
tive scheme is able to track the performance and then deter-
mines a suitable estimation. Second, the estimation of the
bound does not converge to the true bound. This is in fact
plausible since otherwise high control magnitude may be in-
evitable. The leakage-type adaptive scheme is able to decrease
the bound estimation once the system performance is consid-
ered satisfactory. This ensures a reasonable control strategy.
The two advantages enable the decentralized adaptive robust
control to be applicable to the uncertain flexible beam. If one
intends to estimate the bound a priori (hence, use Ref. 1)
instead of using the adaptive scheme for the example used
here, our calculation shows the bound is about 20 times as
large as the present case. The resulting control magnitude is
beyond any reasonable threshold.
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